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Abstract: Light emitting diode (LED) lamps are now an established lighting technology, which is
becoming prevalent in all load sectors. However, LED lamps are non-linear electrical loads, and their
impact on distribution system voltage quality must be evaluated. This paper provides a detailed
analysis of time domain and frequency domain approaches for developing and evaluating models
suitable for use in large scale steady-state harmonic power flow analysis of the low frequency (LF)
emission of LED lamps. The considered approaches are illustrated using four general categories
of LED lamps, which have been shown to cover the vast majority of LED lamps currently available on
the market. The aim is an in-depth assessment of the ability of commonly applied models to represent
the specific design characteristics of different categories of LED lamps. The accuracy of the models
is quantitatively evaluated by means of laboratory tests, numerical simulations, and statistical
analyses. This provides an example, for each LED lamp category, of comprehensive information
about the overall accuracy that can be achieved in the general framework of large scale LF harmonic
penetration studies, particularly in the assessment of voltage quality in low voltage networks and their
future evolution.
Keywords: component-based model; frequency-domain model; LED lamps; power system harmonics;
time-domain analysis
1. Introduction
Light emitting diode (LED) lamps are now an established technology and can be utilized in a wide
range of applications, from replacing incandescent lamps in residential buildings to the illumination
of commercial offices, retail spaces, or industrial premises, as well as street and public area lighting.
This wide range of applications, coupled with the well-known advantages in terms of efficiency,
regulation of light output, lifetime, and good light quality, have all contributed to the growing market
share of LED lamps, which are now prevalent in the residential, commercial, and industrial load sectors.
Based on these factors, it is likely that LED lamps will become the ubiquitous lighting technology
of the near future. Therefore, it is important to understand the impact of LED lamps on electricity
supply networks.
As LED lamps are non-linear electrical loads, their wideband spectrum (i.e., from DC to 150 kHz)
current emissions will impact distortion levels in distribution networks. Accordingly, there is
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a need to develop accurate models of LED lamps, as an important component of the residential,
commercial and industrial load sectors, and power electronic devices in general, as part of ongoing
efforts in large scale (e.g., probabilistic) modeling for harmonic penetration studies to assess supply
system voltage quality. A vital aspect of ongoing research in this area is the ability to model
and simulate the low frequency (LF) current emissions (from DC to 2.5 kHz) of an enormous number
of individual devices. Models of LED lamp high frequency (HF) emissions beyond the LF range are
not considered in this paper but details of LED lamp HF distortion characteristics are available in [1,2].
Most of the approaches for developing LF harmonic current emission models for large scale
steady-state harmonic penetration studies can be divided into two broad categories: time domain
and frequency domain. The objective of the time-domain modeling approach is to reproduce
the (instantaneous) time domain current waveform of the modeled device, from which further
processing is required to extract the LF spectral components. The objective of the frequency-domain
modeling approach is to provide the spectral components directly for a given input voltage
supply condition.
Time domain models (TDM) are typically based on a representation of the electrical components
of the device; when including the control circuits, the modeling approach may be considered as ’white
box’ modeling, and extensive knowledge of the device is required. Different TDMs for harmonic
power flow analyses are available in literature, with a review available in [3] (see References [65–74]
of [3]) and other examples in [4–10]. The main advantage of this approach is that the model can be
directly applied for the analysis of different supply conditions, i.e., different supply voltage magnitudes
and the presence of background voltage distortion, as well as parametric sensitivity analysis. The main
disadvantage is that knowledge of the circuit topology is required, while additional knowledge
of the control circuits may also be required. With such level of detail it is possible to develop generic
models based solely on the required functionality of the power and control circuits, e.g., in [9], or
identify specific parameter values to represent a physical device, e.g., [4–8]. However, TDMs usually
require a long development time and significant computational resources. Furthermore, specialized
software (often not directly compatible with commercial power flow software) is needed, and TDMs
are difficult to generalize when modeling a large population of devices, as required for large scale
harmonic studies, thus limiting their use. It is possible to overcome some of these disadvantages, e.g.,
by using an equivalent circuit model to simplify the device representation, e.g., compact fluorescent
lamps (CFL) [7] and LED lamps [10], to reduce computation time and the number of model parameters,
but limitations still exist.
Conversely, harmonic modeling in the frequency domain can generally be considered
either a ’white box’ (e.g., Harmonic State Space models [11]) or a ’black box’ modeling
approach, when knowledge of the circuit topology is not necessary (e.g., Norton-based models).
Different frequency-domain models (FDM) for harmonic power flow analyses are available in literature,
with a review available in [3] (specifically References [21] and [26-50] of [3]) and, more recently,
in [12–15]. Among all of the frequency-domain modeling approaches, Norton-based models are
frequently used due to their simplicity and are considered in this paper. Norton-based model can
be classified, in order of complexity and accuracy, as: (i) constant harmonic current source models
(CCM); (ii) decoupled Norton models (DNM); (iii) coupled Norton models (CNM) [16,17]; and (iv) fully
coupled [18,19] or tensor coupled models (T2) [20]. CCMs, which are the most common method used in
industry and in commercial software, are not able to reproduce the interactions of the equipment with
non-ideal system conditions (i.e., pre-existing background voltage distortion, or common variations in
supply voltage magnitude). The last three methods are all based on the use of admittance Frequency
Coupling Matrices (FCM) and are suited for linear time invariant systems (DNM) and for linear time
variant systems (CNM and T2). Harmonic cross-coupling between voltages and currents of different
harmonic orders and the dependency of the harmonic current phasors on the phase angle of the supply
harmonic voltage phasors can be modeled by CNM and T2, respectively. Norton-based models have
been used to model several power system components and devices [3]. Due to their computational
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efficiency, they are preferred for large-scale probabilistic penetration studies [11] and have been used
to study the impact of CFLs [21–23] and LED lamps [24] on distortion levels in distribution networks.
From this discussion, it is evident that both model development approaches have certain favorable
attributes and have been widely utilized in previous research for modeling the LF current emissions
of electrical devices. The development of a TDM can, in theory, start without laboratory measurements,
as a generic topology can be readily developed to satisfy a design specification. However, the FDM
process must begin from a processed time domain waveform, which can be obtained either from
measurement or a TDM. When using measurements as the input, a programmable power source,
capable of providing the required voltage supply conditions, is necessary; when using the TDM as
the input, its accuracy must be warranted (e.g., experimentally validated).
This paper begins from a thorough critique of the rationale of the development and evaluation
process of TDMs and FDMs and considers connections between the two processes. From this critique,
the paper then provides a detailed analysis of the time-domain and frequency-domain modeling
approaches with the objective of developing and evaluating models of the LF emissions of LED
lamps suitable for use in large scale harmonic power flow analysis to assess harmonic distortion in
distribution networks. This extends the preliminary research on TDMs [25] and FDMs [26] of LED
lamps and fills a gap in existing literature by providing a complete set of models of the four different
types of LED lamps suitable for use in harmonic penetration studies. In the analysis, the performance
of the models is quantified using experimental data, numerical simulations, and statistical evaluation,
providing an in-depth analysis of the ability of commonly applied model approaches to represent
the LF emissions of different types of LED lamps. TDMs are utilized to introduce the variation in
the circuit topologies present in different types of LED lamps, with different circuit models defined for
each type of LED lamp. The TDMs are validated using experimental data from laboratory tests for
different supply voltage conditions. In the context of TDMs, a specific contribution of this paper is
the proposal of novel models for two of the four types of LEDs, which are presented here for the first
time to the best of the authors knowledge. For the purpose of this analysis, the TDMs are used to derive
the four Norton-based FDMs, as they allow for rapid development in lieu of extensive laboratory tests.
The accuracy of the FDMs is assessed by Monte Carlo (MC) simulation versus TDM results.
Particular attention is given to the FDMs as these are directly applicable for large scale penetration
studies, and there is still relatively little information on FDMs of LED lamps. Currently, to the best
of the authors knowledge, only two papers consider the widespread impact of CFL or LED lamps
in detail [21,24]. The frequency domain analysis demonstrates the impact of the circuit topology on
the sensitivity of the device to the background voltage magnitude and phase. The results indicate
that, for certain types of LED lamps, the parameter values of the FDM is dependent on the specific
background voltage distortion, and the model performance is also influenced by the background
voltage distortion present in the supply voltage. This novel contribution to the FDM area provides
comprehensive information about the overall accuracy of the FDM when representing different LED
lamps, serving as a guide on the impact of model selection on the assessment of voltage distortion
in low voltage (LV) networks. All TDM parameter values are included in Appendix A for use by
the community; from these models, all FDM parameters, which are difficult to communicate in compact
form, can be derived. However, FDM models are available from the authors upon request.
The rest of the paper is structured as follows: a rationale of the development and evaluation
of TDMs and FDMs is discussed in Section 2; the TDM approach is analyzed in Section 3, the FDM
approach is analyzed in Section 4; conclusions are provided in Section 5.
2. Rationale of the Development and Evaluation of Time and Frequency Domain Models
TDMs and FDMs can be developed, and their performance assessed, following different
processes. Figure 1 highlights the general processes and input data requirements of the time-domain
and frequency-domain modeling methodologies. The time-domain modeling methodology
implemented in this paper is denoted by the blue path, with the frequency-domain modeling
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methodology shown by the orange path. Use of the physical device, i.e., the LED lamp to be modeled,
is marked by the black path. In the approach implemented in this paper, the lamp under test serves
as the starting point for the TDM, which in turn serves as the input for the subsequent development
of the FDM. The alternative path for FDM development, marked in grey, indicates that modeling in
the frequency domain can also start directly from the physical device. This path has the inherent
advantage that any inaccuracies present in the TDM do not propagate to the FDM, but it requires
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Figure 1. Rationale of the development and performance evaluation of time-domain models (TDMs)
and frequency-domain models (FDMs). LED = light emitting diode.
The whole process can be divided into two main stages: model development and model
performance evaluation. The model development process involves defining a model structure
and obtaining the parameters of the lamp under test. It should be noted that, although presented
for LED lamps, the comprehensive analysis of modeling processes in Figure 1 is generally applicable
for modeling the LF emissions of any electrical device. Clearly, the required steps are significantly
different for the development of TDMs and of FDMs. However, the model development process is
specific to the properties to be emulated correctly and the specified range of operating conditions.
In this paper, attention is devoted to the LF harmonic content of line current waveforms of common
LED lamps, subjected to supply voltage deviations from rated sinusoidal conditions.
For performance evaluation, the specification of the test points is given in terms of the supply
voltage distortion and requires a formal definition of the magnitude and phase of the frequency
components of the voltage waveforms used in the evaluation process. These are marked as
separate processes in Figure 1, as different evaluation test points are implemented in this paper
for TDMs and FDMs to illustrate different possible approaches for model performance evaluation.
However, the same test points could be used for TDM and FDM cases to directly compare the accuracy
of the different modeling approaches.
In the remainder of this section, the parts common to both time domain and frequency modeling
methodologies are introduced. These are: the LED lamp set, which serves as an input to the whole process;
the characteristic voltage waveforms for test point definitions, which are an input to the model evaluation
process; and the model evaluation metrics. Specific details of the development and the evaluation stages
utilized for the time-domain and frequency-domain modeling methodologies are found in the subsequent
sections, with relevant subsection numbers marked in Figure 1.
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2.1. LED Lamp Set
Recent work on power quality issues caused by LED lamps, e.g., [1,27], has revealed the diversity
in the LF current emissions of LED lamps. These variations are a consequence of the utilization
of different LED driver circuits, and previous research has shown that, for the purpose of classification
of the LF emissions of the line current waveform, LED lamps can be divided into four main
categories [28]. The categories are based on the circuitry utilized to convert the AC supply voltage to
the DC current required by the LED chain and are defined as follows:
• Type A: consists of a full-wave rectifier with bulk smoothing capacitor and DC-DC
switch-mode converter;
• Type B: consists of a simple capacitor divider formed across a full-wave rectifier circuit;
• Type C: consists of a full-wave rectifier loaded by a constant current regulator (CCR);
• Type D: includes a switch-mode driver circuit with active power factor correction (aPFC), which
can be either a single-stage or a double-stage converter.
One LED lamp from each type was selected for the model development process. The line
current waveforms of the four LED lamps considered in this research, which are typical for each
category, are shown in Figure 2. Table 1 provides the main electrical data obtained from measurements
of the lamps considered with rated sinusoidal AC voltage waveform. A comprehensive description
and classification of the LED lamp driver circuits is available in [29,30].
Figure 2. Line current waveforms of the LED lamps at rated sinuosoidal voltage, where each lamp is
normalized with respect to its true rms value.
Table 1. Main electrical data of the considered LED lamps at rated sinusoidal voltage. PF1 =
fundamental power factor; THD = total harmonic distortion; THC = total harmonic current.
Type (-) Power (W) PF1 (-) THD (%) THC (mA)
A 5 0.93 139 32.3
B 4.5 0.44 49 21.6
C 13.6 1.00 28 16.4
D 40 0.98 8 14.4
2.2. Characteristic Voltage Waveforms for Test Points Definition
The definition of test points for the development and performance evaluation of both modeling
approaches is based on three characteristic voltage waveforms, selected as representative base case
conditions of typical voltage distortion in Low Voltage (LV) networks [31]. The three different voltage
waveforms considered are shown in Figure 3. The sinusoidal voltage waveform is considered as
an ideal supply, which is particularly important for the development of TDMs. The flat top (FT)
and peak top (PT) voltage waveforms are selected as representative of the typical voltages present in
low-voltage networks, the total harmonic distortion (THD) values are 3.0% and 3.6%, respectively.
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(a) (b)
Figure 3. Characteristic voltage waveforms (sinusoidal (SIN), flat-top (FT), and peak-top (PT)) at rated
voltage magnitude: (a) Time domain (SIN, FT, and PT). (b) Frequency domain (FT and PT).
2.3. Model Performance Evaluation
Different performance evaluation procedures are implemented for time-domain
and frequency-domain modeling approaches, with full descriptions included in Sections 3.2
and 4.2, respectively. However, the performance evaluation metrics are identical for both modeling
approaches and focus on the deviations of the LF current components from the reference values.
The magnitude errors are quantified using the relative percentage error:
εmag,h =
∣∣∣∣∣Ih,est∣∣− ∣∣∣Ih,re f ∣∣∣∣∣∣∣∣∣Ih,re f ∣∣∣ × 100, (1)
and the phase errors are quantified using the absolute error:
εphase,h =
∣∣∣ 6 Ih,est − 6 Ih,re f ∣∣∣ (2)
for h = 1, 3, . . . , H, where Ih,est is the estimated current value of order h, and Ih,re f is the reference
current value of order h. As indicated in Figure 1, the measurement data is used as Ih,re f in the TDM
process, while the TDM serves as Ih,re f during the FDM analysis. In this paper, odd harmonics up to
and including the 15th order are considered, i.e., H = 15.
In addition to the assessment of individual harmonic components, THD and total harmonic












The THD and THC provide aggregate information about the overall harmonic content in the line
current drawn by the LED lamp and are especially valuable when evaluating the model performance
across different LED lamps and categories. For TDMs, the THD and THC error are calculated in
absolute terms; for FDMs, the THD and THC errors are calculated in relative terms for quicker
comparison between the multiple model forms.
All evaluation metrics are presented using boxplots, in order to summarize the significant
statistical indices from numerical values obtained using the evaluation test points (described in
Sections 3.2 and 4.2, respectively) in a concise manner. For each box, the central mark is the median,
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the edges of the box are the 25th and 75th percentiles, and the whiskers extend to the most extreme
data points (±2.7σ and 99.3% coverage if the data are normally distributed), not considering outliers.
3. Time Domain Models
3.1. Time Domain Model Development
When developing a model to emulate a real world process, e.g., start-up, steady state, regulation,
failure, etc., there are a wide range of influencing parameters, e.g., various supply conditions, and a very
detailed model may be required. Therefore, it is important to clearly define the specific response
to be emulated, and the particular conditions for which the model is valid, in order to simplify
the model development process. Typical techniques employed to simplify the model are idealization,
linearization, and averaging, and simplified models should include the key components, either directly
or as equivalents, which allow for the desired response to be obtained.
The general procedure for developing a TDM consists of two main stages:
1. In the first stage, the key components of the topology and functionality of the circuit should be
identified. This can be achieved by reverse engineering of the lamp or using a priori knowledge
of the relationship between current waveform shape and specific circuitry;
2. In the second stage, values for the key components should be obtained. This can be performed
either by reverse engineering of the lamp or by a parameter estimation technique.
The Type A LED model is developed using a prori knowledge of the relationship between
the measured line current waveform shape and commonly utilized driver topologies. The component
values of the circuit are obtained by a parameter estimation technique, with further details in [32,33].
As the circuits employed in Type B and Type C LED lamps consist of only a few components, the circuit
structure was identified by reverse engineering. For the Type B LED lamp, Step 2 was performed
directly using the physical components, while the parameters were estimated for the Type C LED lamp.
Reverse engineering was also applied to develop the Type D LED lamp model in Step 1, followed by
tuning the control circuit parameters to match the simulated input line current with the available
measurements. Unlike the Type A LED lamp, simplification of the control algorithms of Type D LED
lamp is difficult to achieve and a generic equivalent circuit model does not exist.
The TDMs were implemented in MATLAB/SIMULINK, with the exception of the Type D LED
lamp model, which was developed in PLECS. The circuit schematics and component values used in
this paper are available in Appendix A. All experimental data from laboratory tests were obtained
with negligible source impedance; further details of the measurement chain are available in [28].
In consonance with this, the voltage source equivalent internal impedance was neglected during
the simulation of the TDMs.
3.2. Time Domain Model Evaluation
The TDMs were evaluated at a number of test points by comparing the magnitude and phase
angle of the current harmonics obtained using the TDM against the values extracted from measurement
data under the same supply conditions. The measurement data is taken as Ih,re f in Equation (1) and
(2), with the TDM output taken as Ih,est. To obtain the harmonic components from the time domain
line current waveforms, the waveforms are processed by Discrete Fourier Transform (DFT) using a 200
ms rectangular window, in accordance with [34].
In this paper, the TDM test design considers a set of five magnitudes of the voltage fundamental
V1,pu = {0.90, 0.95, 1.00, 1.05, 1.10} for each of the voltage waveforms in Section 2.2. For each
magnitude of the voltage fundamental, the harmonics shown in Figure 3 are scaled proportionally,
thus maintaining a fixed THD level. These 15 test points are considered sufficient for evaluating
the steady-state performance of the TDM developed for each type of LED lamp defined in
Section 2.1. Additional test points could be included depending on the level of certainty required.
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For the presentation of the results, there is no discrimination by voltage magnitude nor waveform
shape. This is possible as there is little correlation between the supply condition and the model
performance. However, this does have an effect on the FDMs, which is discussed further in Section 4.
3.3. Results
3.3.1. Type A
The assumed circuit model structure and the values obtained from the parameter estimation
technique are included in Appendix A.1. Appendix A.1 also includes the model validation at
the development test point, i.e., at rated ideal sinusoidal voltage.
A comparison of the range of harmonic current magnitude and phase angles obtained from
the developed model and the measured data across all considered test points is shown in Figure 4,
where the excellent performance of the model is observed. This is expected as the assumed equivalent
circuit model is an established approach to modeling such electronic loads. Generally, the magnitude
and phase angle errors increase with harmonic order, i.e., in inverse proportion to the magnitude
of the current harmonic. Phase angle dispersion, which also increases with harmonic order, is caused
by the sensitivity of the load to changes in the supply voltage waveform. However, as demonstrated
by the low value of the phase errors, the TDM is able to accurately reproduce this behavior.
(a) (b)
(c) (d)
Figure 4. LED Type A: Comparison of the time-domain model (TDM) and the measured data for all
test points: (a) Magnitude; (b) Magnitude error; (c) Phase angle; and (d) Phase angle error.
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3.3.2. Type B
The assumed circuit model and its parameterization are included in Appendix A.2. Due to
the simple nature of the circuit topology, all components are explicitly represented in the model.
Appendix A.2 also includes the model validation at the development test point, i.e., at rated ideal
sinusoidal voltage.
A comparison of the range of harmonic current magnitude and phase angles obtained from
the developed model and the measured data across all considered test points is shown in Figure 5.
Again, the accuracy of the developed TDM is very high, with magnitude errors comparable to those
observed for the Type A LED lamp (c.f. Figure 4). However, unlike the Type A LED lamp, the value
of the magnitude error is not simply correlated to the harmonic order. Although larger phase angle
errors are observed than in the case of the Type A LED lamp, the median values are all below 20°, with
lower values reported for the prominent harmonic tones.
(a) (b)
(c) (d)
Figure 5. LED Type B: Comparison of the time-domain model (TDM) and the measured data for all
test points: (a) Magnitude; (b) Magnitude error; (c) Phase angle; (d) Phase angle error.
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3.3.3. Type C
The assumed circuit model and parameter values are included in Appendix A.3 and is presented
for the first time in this paper. Appendix A.3 also includes the model validation at the development
test point, i.e., at rated ideal sinusoidal voltage. The comparison of the range of harmonic current
magnitude and phase angles obtained from the developed model and the measured data across all
considered test points is shown in Figure 6.
(a) (b)
(c) (d)
Figure 6. LED Type C: Comparison of the time-domain model (TDM) and the measured data for all
test points: (a) Magnitude; (b) Magnitude error; (c) Phase angle; and (d) Phase angle error.
For this type of LED, the magnitude deviation between the developed TDM and the measured
data is greater than Type A and B. However, considering the deviations in the magnitude, the median
values are still generally small for components with larger magnitude, with larger deviations observed
for harmonics with lower absolute values. The median values are lower than 10% for all harmonic
orders. The deviations in the magnitude can be attributed to the simplification of the CCR functionality
in the developed TDM, and the largest errors occur for the condition in which the harmonic current
magnitude is smallest. In the model, the ability of the CCR to limit the current was idealized as
a constant value, without considering finite response of control and error in regulation related to flow
of current. The impact of this is evident in Figure A6 in Appendix A.3. On the other hand, reproduction
of the harmonic phase angles by the Type C LED lamp TDM is very accurate and is insensitive to
the harmonic order, unlike the Type A and B LED lamp TDMs (c.f. Figures 4d and 5d).
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3.3.4. Type D
Details of the circuit model and its parameterization are included in Appendix A.4 and is presented
for the first time in this paper. This includes full details of the power and control circuits and their
parameters. Appendix A.4 also includes the model validation at the development test point, i.e., at
rated ideal sinusoidal voltage.
A comparison of the range of harmonic current magnitude and phase angles across all considered
test points is shown in Figure 7. As can be expected, the largest errors of the four LED lamp types
are observed for this model. This can be attributed to the value of the LF current emissions, which,
relative to fundamental component, are much smaller in comparison to all other LED lamp types
(between 0–10% compared to approximately 0–90% for LED Type A, 0–40% for LED Type B, and 0–15%
for LED Type C). Furthermore, the line current waveform of Type D LED lamps is sensitive to small
errors in modeling the physical switched-mode driver, including, for instance, parasitic couplings,
power components nonlinearity, and real signal transfer via control loop, which are difficult to derive
and were not incorporated in the presented model. As the LF current emission magnitudes are small,
these are extremely sensitive to variations in the power and control circuit, as well as the supply
conditions. Although the relative deviations may be bigger, the absolute deviation is very small, due
to the low magnitude values, and not as significant as for the other LED lamp types.
(a) (b)
(c) (d)
Figure 7. LED Type D: Comparison of the time-domain model (TDM) and the measured data for all
test points: (a) Magnitude; (b) Magnitude error; (c) Phase angle; and (d) Phase angle error.
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3.4. Total Distortion Indices
The total distortion indices, THD and THC, obtained from measurement and simulations and their
deviations from the measured reference data, are presented in Figure 8. Again, this includes numeric
values obtained for all test points.
(a) (b)
(c) (d)
Figure 8. Comparison of the time-domain model (TDM) and the measured data for all test points:
(a) THD; (b) THD error (absolute values); (c) THC; and (d) THC error (absolute values).
These results confirm the overall accuracy of the proposed TDMs and also serve to highlight
the difference in the characteristics of the four general categories of LED lamps. For Type A LED
lamps, the high values of THD and THC are both accurately reproduced by the TDM estimate, as
it was previously shown that this model returns the lowest overall errors. Similar performance is
observed for the Type B LED lamp. Even LED Type C and D lamps return reasonable errors for THD
and THC in terms of absolute values. This indicates that the large errors observed are not coincident
and occur in different supply voltage conditions, i.e., reducing the impact of individual larger errors
on the overall assessment. The larger errors of the THC of the Type D LED lamp can be attributed to
the small magnitude of the LF emissions which are generally overestimated by the TDM, but good
accuracy of the THD is ensured by the dominant effect of the fundamental component, which is well
represented by the model.
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4. Frequency Domain Modeling
Any power system component can be represented by a voltage controlled current source [3,11]:
I = f (V) , (5)
where I and V are vectors of harmonic phasors of the emitted current and the applied voltage,
and the function f is a complex vector function.
If f is a non-linear function, a widely used and powerful technique is to linearize f around
an operating base reference condition (e.g., the three voltage waveforms described in Section 2.2) [12].
Harmonic cross coupling and phase dependency can be elegantly modeled by estimating the direct
and negative FCM Y+ and Y−:
I = Ib + Y+∆V + Y−∆V∗, (6)
where Ib is the base current, i.e., the emission measured at the base reference conditions. The elements
of the direct FCM Y+, which accounts for direct and cross coupling between harmonic orders, and of
the negative matrices FCM Y−, which accounts for the background voltage "phase dependency", can
be obtained either by numerical or laboratory tests, e.g., as described in [35].
The different FDMs used in this paper can be summarized starting from Equation (10).
Constant Harmonic Current Source Model
Constant harmonic current source models (CCM) are the simplest, and most commonly used,
representation of a non-linear load. The load is modeled by a vector of constant current sources and are
assumed independent of the background voltage distortion:
I = Ib. (7)
Decoupled Norton Models
Decoupled Norton models (DNM) model only the interaction between applied harmonic voltages
and emitted harmonic currents of the same order. In other words, the off-diagonal elements of Y+ are
set to zero:






Coupled Norton models (CNM) are able to take into account the cross coupling between different
harmonic voltage and current orders but neglect the “phase dependency”:
I = Ib + Y+∆V. (9)
Tensor Representation
The tensor representation model (T2) is equivalent to the general model, as in Equation (10), but
the direct and negative FCMs are represented by concise real-valued matrices in which elements are
rank-2 tensors:
∆I = I − Ib = T2 ∆V. (10)
Representing ∆I and ∆V in Cartesian form, it is possible to write:
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where H and K are highest considered current and voltage harmonic order, respectively.
The matrix elements of T2, i.e., T2h,k, can be determined using Fourier Descriptors [12,21,36,37].
The Fourier Descriptor is the discrete Fourier transform of a sequence of complex numbers, y(mp),
represented by Mp evenly spaced vectors and is described by:
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4.1. Frequency Domain Model Development
The development of a FDM requires a huge number of tests in order to linearize the behavior
of the lamps around a base operational point. In general, one test in the absence of perturbations
is necessary to calculate the base currents spectra Ib (see Equation (10)). Then, N1 test values
of the fundamental magnitude deviations from nominal are required to evaluate the first column
of the direct matrix Y+, and, for each background voltage harmonic considered (up to the Kth odd
harmonic order, where index k is used for voltage harmonics in order to distinguish from current
haromincs index h), N2 harmonic magnitudes, each characterized by N3 phase angles, have to be
analyzed. The total number of tests is given by:
Ntests = 1 + N1 +
(K− 1)
2
× N2 × N3 (18)
and is usually very large (from a few hundred to more than one thousand).
Depending on the kind of analysis to be performed, and on other practical issues, the tests can
be performed either experimentally or numerically (i.e. starting from detailed TDMs). For example,
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a detailed emission assessment of a specific device requires experimental testing, while a statistical
distortion assessment of several kinds of devices can be performed using FDMs evaluated numerically
starting from the more straightforward parameterization of TDM parameters, e.g., [25].
In this paper, the FDMs of the four LED lamps were obtained using the TDMs described
and validated in the previous section. As the aim of this analysis was to compare the performance
of the different FDMs for different LED driver circuits, the TDM are assumed to have acceptable
accuracy, and their use allows for quicker development of FDMs than the measurement based approach.
To analyze the impact of the supply voltage waveform on the performance of the FDM, the FCMs
were obtained by perturbing and linearizing the TDMs around the two operating points constituted
by FT and PT voltage waveforms. For the sake of brevity, only harmonic orders up to the 15th
were evaluated, and only the three dominant components (k = 3,5,and 7 for FT and k = 5,7,and
11 for PT) were considered in the modified distortion voltage waveforms. For the modified FT
and PT voltage waveforms, simulations without perturbations were performed in order to evaluate
the two base currents spectra Ib. For the harmonic perturbation, only one amplitude at a time was
considered: for each of the dominant harmonic components, shown in Figure 3, the modified FT
and PT, respectively, were amplified by a factor equal to 10%. The same 10% amplification factor
was used for the components not present in the modified spectra (e.g., 3rd harmonic for PT), by first
assuming their base amplitudes equal the limits suggested by standard EN 50160 [38], reported in
Table 2. The number of phase angles, i.e., Mp in Equation (12), selected was 24. Therefore, the total
number of tests for each of the two different operating points was equal to 169 (N1 = 0, N2 = 1, K = 15,
and N3 = 24 in Equation (18)).
Table 2. Harmonic voltage limits based on standard EN 50160.
k 3 5 7 9 11 13 15
Limit (%) 5 6 5 1.5 3.5 3 0.5
4.2. Frequency Domain Model Assessment
FDM assessment was conducted by means of MC simulations. For each of the two operation points
constituted by the modified FT and PT voltage waveforms, 100 MC trials were run. The perturbation
added to the base spectrum was generated assuming a uniform distribution between 0 and 10% for
harmonic magnitudes and a uniform distribution between 0 and 2π for phase angles. As per the FDM
derivation process, for the harmonic components not present in the modified FT and PT base cases,
the random magnitude perturbation U~[0, 0.1pu] was applied to the magnitudes of the limits reported
in Table 2; for the MC simulations, the phase angle was randomly assigned from U~[0, 2π].
4.3. Results
From Sections 4.3.1–4.3.4, the results of the assessment are reported for each lamp category,
comparing the performance of the four FDMs previously presented (CCM, DNM, CNM, and T2)
with the TDM in terms of magnitude and phase angle and their errors. In addition to the magnitude
and phase errors evaluated with Equations (1) and (2), the FDMs are also assessed analyzing the Y+ and
Y− matrices. In real terms, Y+ is able to take into account the linear direct and cross-coupling between
voltage and current harmonic phasors, while Y− takes into account the dependency of the current
harmonics to the phase angle of the voltage harmonics. In the simple case of a linear system, the Y+
matrix is diagonal (no cross-coupling), while the Y− matrix is nil. The following considerations apply:
• the T2 model is always more accurate, as it takes into account both Y+ and Y−;
• the CCM is as accurate as the other FDMs if the values of the Y+ and Y− matrices are negligible;
• the DNM performance is comparable with the CNM and the T2 model if the off-diagonal elements
of Y+ and of Y− matrices are negligible; and
• the CNM performance is comparable with the T2 model if the Y− matrix values tend to zero.
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Finally, the comparison of the total distortion indicators, THD and THC, is shown in Section 4.3.5.
4.3.1. Type A
The performance of the different FDMs of the Type A LED lamp is shown for flat-top and peak-top
supply voltage conditions in Figures 9 and 10, respectively.
(a) (b)
(c) (d)
Figure 9. Comparison of the Type A LED lamp frequency domain models for flat-top voltage supply:
(a) Magnitude; (b) Magnitude error; (c) Phase angle; and (d) Phase angle error.
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(a) (b)
(c) (d)
Figure 10. Comparison of the Type A LED lamp frequency domain models for peak-top voltage supply:
(a) Magnitude; (b) Magnitude error; (c) Phase angle; and (d) Phase angle error.
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In Figure 9a,b for flat-top (Figure 10a,b for peak-top), magnitudes and phase angles obtained
by the four FDMs are compared to the results obtained by TDM using boxplots, with the exception
of CCM, which is invariant with respect to the background harmonic voltage variations. In Figure 9c,d
for flat-top (Figure 10c,d for peak-top), the corresponding relative and absolute errors are shown.
The magnitude of the admittance matrices are shown in Figure 11 and are useful to help understand
the performance of the different models.
It is possible to observe:
• the CNM and the T2 model perform noticeably better than the CCM and the DNM for both
flat-top and peak-top voltage waveforms. This can be explained by the presence of non-negligible
off-diagonal elements in both Y+ matrices (see Figure 11a,b);
• the T2 model performs significantly better than the CNM due to the non-negligible magnitudes
of the elements of the Y− matrices (see Figure 11c,d), although the magnitudes are about six times
lower than the corresponding values of Y+ for both FT and PT;
• looking at Figure 11a,b, it is evident that in the case of PT supply condition the magnitudes
of the elements of Y+ are smaller by a factor 3 compared to the FT supply condition; and
• the same considerations apply for phase angles. It should be noted that the phase angles returned
by the FDMs are with respect to the cosine of the voltage waveform, rather than the sinusoid used
in the TDM, so the angles presented here (and for the FDMs of other LED lamp types) cannot be
directly compared with those in Section 3, but allow for a comparison between FDMs.
(a) (b)
(c) (d)
Figure 11. Magnitude of frequency coupling matrices of the Type A LED lamp: (a) Y+ FT; (b) Y+ PT;
(c) Y− FT; and (d) Y− PT.
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4.3.2. Type B
The performance of the different FDMs of the Type B LED lamp is shown for flat-top and peak-top
supply conditions in Figures 12 and 13, respectively.
(a) (b)
(c) (d)
Figure 12. Comparison of the Type B LED lamp frequency domain models for flat-top voltage supply:
(a) Magnitude; (b) Magnitude error; (c) Phase angle; and (d) Phase angle error.
(a) (b)
(c) (d)
Figure 13. Comparison of the Type B LED lamp frequency domain models for peak-top voltage supply:
(a) Magnitude; (b) Magnitude error; (c) Phase angle; and (d) Phase angle error.
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Figures 12–14 are equivalent to those for the Type A LED lamp.
It is possible to observe:
• Y+ approaches a diagonal matrix, indicating that the most pronounced coupling exists between
same order harmonics (e.g., between 11th and 11th) and between them and their nearest neighbors
(e.g., between 11th and 9th and 13th), as can be seen in Figure 14a,b;
• moreover, the Y+ matrices are practically identical for both voltage waveforms (and also identical
to that measured under ideal sinusoidal conditions [26]), which indicates that only one FCM is
required to analyze both scenarios as already evidenced in [12];
• for this LED lamp, the CNM and the T2 model perform noticeably better than the CCM and the
DNM for both FT and PT voltage waveforms, even if only a few off-diagonal elements of Y+ have
non-zero values;
• although of similar magnitudes, the values of the Y− for the PT voltage wavefom are generally
higher than those present in the Y− for the FT voltage waveform, as demonstrated by the different
level of accuracy between CNM and T2 in FT supply conditions in Figure 12c,d and in PT supply
conditions in Figure 13c,d; and
• the same considerations apply for phase angles.
(a) (b)
(c) (d)
Figure 14. Magnitude of frequency coupling matrices of the Type B LED lamp: (a) Y+ FT; (b) Y+ PT;
(c) Y− FT; and (d) Y− PT.
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4.3.3. Type C
The performance of the different FDMs of the Type C LED is shown for flat-top and peak-top
supply conditions in Figures 15 and 16, respectively.
(a) (b)
(c) (d)
Figure 15. Comparison of the Type C LED lamp frequency domain models for flat-top voltage supply:
(a) Magnitude; (b) Magnitude error; (c) Phase angle; and (d) Phase angle error.
(a) (b)
(c) (d)
Figure 16. Comparison of the Type C LED lamp frequency domain models for peak-top voltage supply:
(a) Magnitude; (b) Magnitude error; (c) Phase angle; and (d) Phase angle error.
Figures 15–17 are equivalent to those for Type A and B LED lamps.
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It is possible to observe:
• the ’patterns’ of both Y+ and Y− are almost identical for both voltage waveforms, even if they
have very small magnitudes compared with the other lamps;
• for the peak-top voltage waveform, all methods, except T2, show higher errors in respect
to the FT supply condition due to the magnitudes of the elements being slightly greater
(see Figures 15c,d and 16c,d);
• off-diagonal elements each two harmonic orders of Y+ are, in both cases, of the same order
of magnitude of diagonal elements as evidenced by the great difference of performances between
CCM and DNM versus CNM and T2; and
• the performance of the T2 model is significantly better than the other methods due to the order
of magnitude of the elements of Y−, which are the same as Y+.
(a) (b)
(c) (d)
Figure 17. Magnitude of frequency coupling matrices of the Type C LED lamp: (a) Y+ FT; (b) Y+ PT;
(c) Y− FT; and (d) Y− PT.
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4.3.4. Type D
The performance of the different FDMs of the Type D LED lamp is shown for flat-top and peak-top
supply conditions in Figures 18 and 19, respectively.
(a) (b)
(c) (d)
Figure 18. Comparison of the Type D LED lamp frequency domain models for flat-top voltage supply:
(a) Magnitude; (b) Magnitude error; (c) Phase angle; and (d) Phase angle error.
(a) (b)
(c) (d)
Figure 19. Comparison of the Type D LED lamp frequency domain models for peak-top voltage supply:
(a) Magnitude; (b) Magnitude error; (c) Phase angle; and (d) Phase angle error.
Figures 18–20 are equivalent to those for Type A, B, and C LED lamps.
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It is possible to observe:
• All FDMS, with the exception of the CCM, exhibit similar accuracy. This can be explained by
analyzing Y+ in Figure 20 which is a diagonal matrix, indicating that the LED lamp behaves as
a linear load and only direct coupling between same order harmonics exists;
• Y+ are practically identical for both voltage waveforms;
• the aforementioned linear behavior can be modeled, for each harmonic, by a simple Norton
equivalent constituted by a parallel RC circuit in parallel with a constant current source;
• Y− demonstrates that the sensitivity to the phase angle of the lower order harmonics is more
pronounced, however, the values are generally two orders of magnitude lower than Y+; and
• for the PT voltage waveform, the magnitudes of the Y− matrix are negligible for the 11th order
harmonic current, which is reflected in the results in Figures 18 and 19, respectively, where




Figure 20. Magnitude of frequency coupling matrices of the Type D LED lamp: (a) Y+ FT; (b) Y+ PT;
(c) Y− FT; and (d) Y− PT.
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4.3.5. Total Distortion Indices
The total distortion indices THD and THC are reported in Figures 21 and 22.
(a) (b)
(c) (d)
Figure 21. Comparison of the summary indices obtained with different frequency domain models
supplied with flat-top voltage: (a) THD; (b) THD error (relative); (c) THC; and (d) THC error (relative).
(a) (b)
(c) (d)
Figure 22. Comparison of the summary indices obtained with different frequency domain models
supplied with peak-top voltage: (a) THD; (b) THD error (relative); (c) THC; and (d) THC error (relative).
The presented results confirm the overall improvement in the model performance with regard to
the increase in model complexity. The performance of the simple CCM always results in the greatest
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error, while the smallest reported errors are returned by the T2 model. Comparing the performance
of the two Norton models, it is evident that they are sensitive to the type of LED lamp modeled
and the presence of background voltage distortion; the decoupled model is generally able to perform
as well as the coupled model (with respect to the total harmonic indices).
5. Conclusions
This paper provided a detailed analysis of two different modeling approaches for representing
the LF current emissions of LED lamps: one in the time domain and one in the frequency domain.
The considered approaches were illustrated using four general categories of LED lamps, which cover
the vast majority of LED lamps currently available on the market. The aim was an in-depth assessment
of the ability of commonly applied models to represent the LF current emissions of different categories
of LED lamps. The performance of the models were quantitatively evaluated using experimental
data, numerical simulations, and statistical analyses, thus providing comprehensive information about
the overall accuracy that can be achieved in the general framework of harmonic penetration studies.
The main outcomes of the paper are:
• The TDMs, which in this paper were validated using experimental measurements, demonstrate
that it is possible to achieve excellent levels of accuracy for certain types of LED lamps, i.e., Type
A and B, in which control is either not present or can be emulated using an equivalent circuit
form. For LED lamps that require specific representation of the control logic, i.e., Type C and Type
D, new models were presented, for the first time, in this paper. For the Type C LED lamp example,
the accuracy of the TDM is lower than Type A and Type B, but the median values are still very
low with respect to measurements ( < 10%). Higher magnitude errors are observed for the Type
D LED lamp model but, in absolute terms, their values are very low. Areas of possible further
improvement, e.g., by fine tuning the settings of the control algorithms, were discussed.
• The FDMs, which in this paper were derived from and compared against the TDMs,
clearly show that the simulation error is significantly influenced by both the LED lamp
type and the background voltage distortion. As expected, the overall errors reduce when
increasing the model complexity; the magnitude errors obtained with the most complex
model (i.e., the tensor based model T2) are always below 10%, and generally considerably lower
(with median values of around a few percent or less), while the phase errors are always less than
5°, highlighting the value of including the phase dependency in the model formulation.
• The presented models and the quantitative results about their accuracy allow probabilistic
harmonic penetration studies, such as the assessment of voltage distortion in LV networks
and their future evolution, to be approached with the knowledge of the accuracy levels that can
be obtained using different types of FDM.
• TDM parameter values were also reported in Appendix A for use by the community. From
the presented TDMs, the FDMs analyzed in this paper can be obtained. Alternatively, the authors
are happy to provide the parameters of the FDMs upon request.
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Appendix A. Time Domain Models and Parameters
Further details and component parameter values of the circuit models for LED Type A and B are
available in [32,39].
Appendix A.1. Type A LED Lamp
The typical Type A LED lamp driver circuit consists of an input resistor and electromagnetic
interference (EMI) filter followed by a full-wave diode bridge rectifier (DBR) with smoothing bulk
capacitor feeding a DC-DC converter to regulate the voltage across or the current through the LED
chain. When considering the LF current emissions, this LED lamp can be represented by an equivalent
circuit, shown in Figure A1, consisting of an input resistance Rin, input inductance Lin, a DBR, a DC
link capacitor Cdc, and an equivalent load (in the form of a controlled current source), which represents
the downstream DC-DC converter and LED chain. This simplification of the DC-DC converter and its
output stage is possible due to the presence of the bulk Cdc, which decouples the rectifier stage from
the rest of the circuit, in steady-state analysis and neglecting the high-frequency components of input
current related to the DC-DC converter switching.
Figure A1. Time domain circuit model of the Type A LED lamp.
In the physical device, the DC-DC converter can be implemented with open- or closed-loop
(OL/CL) feedback. If CL feedback is present, the equivalent load should take the form of a constant
power load (used here and shown in Figure A1) or a constant current load. If OL feedback is present,
then the equivalent load should be implemented as a constant resistance load. The presence of feedback
can be identified using a sweep test of the fundamental voltage magnitude. The values of the circuit
model parameters obtained by the parameter estimation technique, and valid for the analyzed Type A
LED lamp introduced in Section 2.1, are marked directly on Figure A1. The performance of the model
by means of its response to the rated ideal sinusoidal supply condition is documented in Figure A2.
(a) (b)
Figure A2. Comparison of measured data and the Type A LED lamp time-domain model (TDM) output
at rated ideal sinusoidal condition: (a) Time domain. (b) Spectral components.
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Appendix A.2. Type B LED Lamp
The typical Type B LED driver circuit model consists of only a few passive components,
with the full circuit model shown in Figure A3.
Figure A3. Time domain circuit model of the Type B LED lamp.
The feature of this circuit is the combination of two capacitors, Cinand Cdc, which form a capacitive
divider across a DBR to reduce the supply voltage magnitude. Unlike the Type A LED lamp, the voltage
ripple in the DC bus propagates to the LED string, and the LED string must be explicitly modeled
with respect to the current-voltage characteristic of physical device. The LED string is modeled as
an ideal diode, with constant DC voltage source, representing the forward voltage Vf of the LED string,
and intrinsic resistance R f connected in series. Due to the simple nature of the circuit, all component
parameters are explicitly represented in the model and their values are marked directly on Figure A3.
However, the discharging resistor Rd has no influence on the LF current emissions and is included
only for the sake of completeness.
The performance of the model by means of its response to the rated ideal sinusoidal supply
condition is documented in Figure A4.
(a) (b)
Figure A4. Comparison of measured data and the Type B LED lamp time-domain model (TDM) output
at rated ideal sinusoidal condition: (a) Time domain. (b) Spectral components.
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Appendix A.3. Type C LED Lamp
The Type C LED lamp driver circuit uses a DBR followed by a simple active DC-DC converter,
in the form of a constant current regulator (CCR), to limit the output current through the series LED
chain. The CCR is normally realized as an integrated circuit and is able to provide a constant current
to the LED string over a wide voltage range.
In this circuit model, presented in Figure A5, the CCR behind the DBR is emulated using
a controlled current source (CCS). The control logic and values are in Figure A5b. Due to boundary
changes in the LED string operating point when the current changes from zero to the limit set by
the CCR, and since DC current propagates directly to AC side, the LED string has to be modeled
with respect to a real V-I curve of the LED string. In this case, the LED string is modeled as a part
of CCS control by means of a calculated resistance, using the exponential-based approximation. In
this model, forward voltage VF, thermal potential including nonlinearity factor VT , and RF on-state
resistance, representing the overall LED chain parameters, are considered. Starting from the calculated
voltage over the LED string, when the LED current is reached, its value its limited to IC, emulating
the idealized action of the CCR. The model performance is given in Figure A6.
(a)
(b)
Figure A5. Time domain circuit model of the Type C LED lamp: (a) Topology (b) constant current
regulator control.
(a) (b)
Figure A6. Comparison of measured data and the Type C LED lamp time-domain model (TDM) output
at rated ideal sinusoidal condition: (a) Time domain. (b) Spectral components.
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Appendix A.4. Type D LED Lamp
The Type D LED lamp driver circuit topology is similar to the Type A LED lamp driver, employing
a passive full-bridge rectifier and at least one DC-DC converter stage. However, the input DC bus
capacitor size is reduced, close to zero value, and the energy storage is moved to the output side
of the DC-DC converter. This means that the DC-DC converter effect on the input line current
waveform will be much higher and, in order to preserve its response, including the functionality
of the control algorithm, a more detailed model of the DC-DC converter is required.
The Type D LED lamp driver circuit, including control logic and parametrization, were derived
from the physical device by means of reverse engineering. This circuit consists of an offline single-stage
flyback converter. The implemented and emulated PWM control is a peak current controller based on
fixed switching frequency fs with current slope compensation and constant output regulation without
secondary feedback (utilizing an auxiliary winding to sense the output voltage). The fs deduced from
measurement is 60 kHz. The driver is designed for 0.7 A (20–56 V) output and for universal supply
from 100–265 V at 50/60 Hz.
A circuit model of the driver, including the component parameter values, for simulation purposes
is documented in Figure A7. The driver model consists of an input EMI filter model (C4, L1), followed
by an idealized DBR with small DC bus capacitor (C2) and consequent model of the flyback switching
converter with CL output stage network (C5, L2+L3). The LED string is modeled by means of equivalent
resistance (R2), possible due to the relatively small ripple in the output. Values of the control circuit
parameters and the transformer are given in Tables A1–A3. The performance of the model by means
of its response to the rated ideal sinusoidal supply condition is documented in Figure A8.
Figure A7. Time domain circuit model of the Type D LED lamp.
Table A1. LED Type D: Proportional Integral (PI) control parameters.
Kp Ki Ts Usat n trd
0.0001 1/0.1 1e-6 10 7 0.002
Table A2. LED Type D: Peak current control parameters.
fs (kHz) Min Duty Cycle (%) Max Duty Cycle (%) Slope Compensation (A) Time Delay (s)
60 1 33 10 0
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Table A3. LED Type D: Transformer parameters.
Windings Turns Polarity Magnetization Inductance (H) Initial Magnetization Current (A)
[2 1] [ 120 -4 -36 ] + Inf 0
(a) (b)
Figure A8. Comparison of measured data and the Type D LED lamp time-domain model (TDM) output
at rated ideal sinusoidal condition: (a) Time domain. (b) Spectral components.
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